We determine the O(α 2 s ) corrections to the partonic hemisphere soft function relevant for thrust and jet mass distributions in e + e − annihilation in the dijet limit. In this limit the distributions can be described by a factorization theorem that sums large logarithmic terms and separates perturbative from nonperturbative effects. Using the known O(α 2 s ) contributions of the jet functions and the hard coefficients in the factorization theorem, constraints from renormalization group evolution and nonabelian exponentiation, and results from numerical integration of O(α 2 s ) QCD matrix elements, the O(α 2 s ) corrections of the soft function can be determined unambiguously. We study the impact of subtracting contributions related to the O(ΛQCD) renormalon in the partonic threshold using the soft function gap proposed recently by Hoang and Stewart, and we discuss the importance to account for the renormalization group evolution of the gap parameter. As a byproduct we also present the previously unknown next-to-next-to-leading logarithmic anomalous dimensions for the hard coefficient that appear in the factorization theorem for the double differential invariant mass distribution for heavy quark pair production at high energies in the resonance region proven by Fleming etal. 
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1 Max-Planck-Institut für Physik (Werner-Heisenberg-Institut) Föhringer Ring 6, 80805 München, Germany, * We determine the O(α 2 s ) corrections to the partonic hemisphere soft function relevant for thrust and jet mass distributions in e + e − annihilation in the dijet limit. In this limit the distributions can be described by a factorization theorem that sums large logarithmic terms and separates perturbative from nonperturbative effects. Using the known O(α 2 s ) contributions of the jet functions and the hard coefficients in the factorization theorem, constraints from renormalization group evolution and nonabelian exponentiation, and results from numerical integration of O(α 2 s ) QCD matrix elements, the O(α 2 s ) corrections of the soft function can be determined unambiguously. We study the impact of subtracting contributions related to the O(ΛQCD) renormalon in the partonic threshold using the soft function gap proposed recently by Hoang and Stewart, and we discuss the importance to account for the renormalization group evolution of the gap parameter. As a byproduct we also present the previously unknown next-to-next-to-leading logarithmic anomalous dimensions for the hard coefficient that appear in the factorization theorem for the double differential invariant mass distribution for heavy quark pair production at high energies in the resonance region proven by One of the most prominent and important features of hadronic final states produced in particle collisions is the jet structure, i.e. the presence of a small number of collimated groups of particles recoiling against each other. Quantifying the structure of hadronic final states in e + e − annihilation in terms of event shapes allows for a direct comparison of experimental data with predictions in QCD and thus for precise measurements of parameters and stringent test of the theory [1] . Event shape variables avoid direct association of particles to individual jets and calculate instead a single number that accounts for, and classifies the event according to its jet topology. Generally, the observables are constructed such that a value close to zero corresponds to a dijet event topology where two jets of energetic particles are produced back-to-back with additional soft particles between the jets. Most events enter in this dijet region of the event shape distributions because two jets can already be produced at tree-level while three and more jets are suppressed by additional powers of the strong coupling.
Among the most common event shape variables are the thrust T defined by [2] T ≡ maxn
where the sum is over all particles, and p i is the three-momentum of particle i. The thrust axis is the unit vectorn which maximizes the expression in the parentheses. Since T ∼ 1 characterizes dijet-events it is convenient to use the variable
as the thrust variable. The plane through the interaction point and perpendicular to the thrust axis divides the event into two hemispheres, H 1 and H 2 . The maximum of the squared invariant masses M 2 of all the particles in H 1 and H 2 , respectively, defines the heavy jet mass variable [3] 
where Q is the e + e − c.m. energy. In the dijet limit where τ ≪ 1, the thrust can be written as a function of the hemisphere Masses M 1 and M 2 ,
In fact, the double-differential M 1 -M 2 invariant mass distribution represents by itself an event shape distribution, where small values of M 2 1,2 /Q 2 correspond to the dijet region. For massless quarks in the dijet region the M 1 -M 2 distribution can be described by a factorization theorem [4, 5, 6, 7, 8, 9] 
which is valid at leading order in M 2 1,2 /Q 2 . Here, σ 0 is the tree level total cross section, H Q is a calculable hard coefficient and J 1,2 are calculable jet functions, whereas S(ℓ + , ℓ − , µ) is the hemisphere soft function. A similar factorization theorem for the M 1 -M 2 distribution can be derived for the production of quarks with mass m ≫ Λ QCD . Here the dijet region corresponds to the region near the heavy quark mass resonance, whereŝ 1,2 ≡ (M , µ) , (6) which is valid at leading order in m 2 /Q 2 and (ŝ 1,2 + Γ q )/m. Here H m is a calculable hard coefficient and B ± are calculable jet functions for heavy quarks describing invariant mass fluctuations below the scale m. The term Γ q is the heavy quark width. The soft function S is equivalent to the one in Eq. (5) . As a consequence of the separation of the different physical modes in the factorization theorems (5) and (6), the hard coefficients, and the jet and soft functions are renormalization scale dependent.
The soft function carries information on how the soft radiation between the two energetic jets is associated to the invariant masses M 1 and M 2 . For the hemisphere prescription described above it is defined as [4, 5, 6, 7, 10] 
Here k +a s is the total plus-momentum of soft hadrons in X s that are in hemisphere 1, k −b s is the total minus momentum for soft hadrons in the other hemisphere. The soft function for thrust is related to the hemisphere soft function by
The definition of the soft function only depends on the light-like kinematics and the color state of the primary quark-antiquark pair and thus can be written in terms of the Wilson lines
In general, S(ℓ + , ℓ − , µ) is a nonperturbative function that peaks for ℓ ± ∼ Λ QCD when µ > ∼ Λ QCD . Depending on the size of M 1,2 different aspects of the soft function are important since the convolutions in Eqs. (5) and (6) [6] 1 , and the nonperturbative distribution described by S(ℓ + , ℓ − , µ) affects directly the shape of the differential cross section. Here, the soft function can be written as a convolution of the partonic soft function, computed in perturbation theory at a scale µ = µ ∆ > ∼ Λ QCD , with a nonperturbative model function that can be determined from experimental data [11] ,
In the tail region away from the resonance we have M 2 1,2 ≫ QΛ QCD andŝ 1,2 ≫ QΛ QCD /m + Γ q and the soft function can be determined from the partonic soft function plus power corrections that can be also related to Eq. (10) . Note that the partonic soft function contains δ functions and plus-distributions of the variables ℓ ± , so that the lower limit of the ℓ ± -integrations in Eq. (10) is zero. In Ref.
[10] the function
was suggested as a two-parameter model for S mod . Here N (a, b) is a factor that is chosen such that the integral of f exp of the positive ℓ ′± plane is unity. This normalization is required by the consistency of Eq. (10) with the power expansion in the tail region. The O(α s ) corrections to the partonic hemisphere soft function were computed in Ref. [8] (see also Ref. [12] for the O(α s ) corrections to the partonic soft function for the thrust distribution).
It has been noticed in Refs. [11, 13] that the partonic threshold of the soft function S part (ℓ ± , µ) at ℓ ± = 0 has an O(Λ QCD ) renormalon ambiguity that is similar in nature to the well-known O(Λ QCD ) pole mass renormalon. In Ref. [11] is was shown that this ambiguity can be removed by introducing a gap in the soft function model such that it vanishes for ℓ ′± < ∆. A way to achieve this is by defining
Here ∆ can be interpreted as the minimum hadronic energy deposit in each hemisphere. Via the convolution in Eq. (10) the term ∆ compensates the renormalon ambiguity in S part at its partonic threshold. It is then possible to explicitly remove this renormalon by writing ∆ =∆ + δ∆, where∆ is free of an O(Λ QCD ) renormalon and δ∆ is a perturbation series that cancels the renormalon ambiguity in the partonic soft function order-by-order. It was demonstrated in Ref. [11] that this procedure leads to a substantial reduction of the perturbative uncertainties that come from the soft function.
In this paper we determine the O(α 2 s ) two-loop corrections to the partonic hemisphere soft function S part , which previously was the only term in the factorization theorems (5) and (6) that was not known at O(α 2 s ). The result enables a full next-to-next-to-leading logarithmic (NNLL) determination of the distributions described by the factorization theorems (5) and (6) . Using constraints on the form of the soft function from its renormalization group (RG) properties, the nonabelian exponentiation theorem [14, 15] and from the 1 ↔ 2 symmetry with respect to the hemispheres H 1 and H 2 , it is possible to determine the analytic form of the previously unknown O(α 2 s ) contributions of the soft function up to two constants. These constants can be determined from Eq. (5) by taking the known two-loop results for the hard coefficient H Q [16, 17, 18] and the jet function J 1,2 [19] as an input and using numerical results from the MC program EVENT2 [20, 21] for thrust and heavy jet mass distributions for massless quarks at O(α 2 s ). The result we obtain are confirmed by correct predictions for distributions of variants of the thrust and heavy jet mass variables that can also be obtained from EVENT2. To our knowledge these variants of the thrust and heavy jet mass variables have not been defined in the literature before.
The program of this paper is as follows. In Sec. II we review the previously known properties of the partonic soft function. We show that these constraints determine the two-loop partonic soft function up to two unknown constants that can be determined numerically. In Sec. III we determine the O(α 2 s ) expressions for the different event shape distributions employed in our numerical work and in Sec. IV we present the analysis to determine the two constants from EVENT2. In Sec. V we introduce a renormalon-free gap parameter∆ from the position space soft function. This gap parameter depends on an infrared scale R and the renormalization scale µ, and we determine its evolution equations in R and µ. Section VI contains a brief numerical analysis illustrating the impact of using the renormalon-free gap parameter and of accounting properly for its scale dependences. The conclusions are presented in Sec. VII. We have attached three appendices collecting useful formulae on the Fourier transform of plus-distributions, on results for the hard coefficient H Q and the massless jet function J adapted to our notation, and on the cumulative event shape distributions that are used in this work. In particular, App. A contains a determination of the previously unknown non-cusp NNLL anomalous dimension of the hard coefficient H m that appears in the factorization theorem for massive jets in Eq (6).
II. PROPERTIES OF THE HEMISPHERE SOFT FUNCTION
In this section we summarize the known properties of the hemisphere soft function. These properties lead us to a particular analytic form for the previously unknown parts of the partonic soft function at O(α 2 s ) that depend only on two unknown parameters. These parameters are determined numerically in Sec. IV. To simplify the notation and avoid cluttering due to convolution integrals in the variables ℓ ± , we use in this work mainly the position space representation. A number of formulas in the ℓ ± momentum space variables useful for future applications are collected in the appendix. In position x 1,2 -space the soft hemisphere function is defined as,
The soft function is x 1 ↔ x 2 symmetric because the definition of the soft function in Eq. (7) is symmetric with respect to exchanging the hemispheres H 1 and H 2 .
Result at O(α s ). It is straightforward to compute the partonic hemisphere soft function at O(α s ) from the definition given in Eqs. (7) . The result reads [8] S O(αs)
Renormalization Group Structure. From the dijet factorization theorem for massless jets in Eq. (5) one can derive consistency conditions [8] which relate the RG-evolution of the soft function to the RG-evolution of the hard coefficient H Q and the jet function J. Details of the computation can be found in App. A. Given S(x 1 , x 2 , µ 0 ) at the scale µ = µ 0 we find that [8] S(
where
where forω the N k LL solutions correspond to the terms up to order α 
The first few coefficients sufficient for NNLL order running read
and we also have
for n f light flavors, from the running of the strong coupling in the MS scheme.
It is an important feature of the factorization theorem that the RG properties with respect to the variables x 1 and x 2 factorize such that in S(x 1 , x 2 , µ) the µ-dependence can only arise in terms of powers of ln(x 1,2 µ). As shown in Ref. [11] it is therefore possible to write Eq. (15) in the form
whereS is µ-independent andS(x 1 , x 2 ) =S(x 2 , x 1 ).
Nonabelian Exponentiation. In Refs. [14, 15] it has been proven to all orders in perturbation theory that QCD matrix elements with arbitrary number of external gluons exponentiate, if their operator definition can be written entirely in terms of Wilson lines. If the external gluon final state is symmetrized, the exponentiation also holds for contributions of these matrix elements to cross sections and production rates. The exponentiation property also applies to the hemisphere soft function and is most transparent in position space. Using Eq. (21) we can therefore write, to all orders in perturbation theory,
where T (x 1 , x 2 ) = T (x 2 , x 1 ). In this context exponentiation means that the argument of the exponential has a simpler color structure than S part (x 1 , x 2 , µ) itself. There are two specific features that are worth to mention: (i) At O(α n s ) the highest power of logarithms of x 1,2 in the exponent is ln n+1 , while in S it is ln 2n and (ii) the exponent does not contain any α n s C n F terms except for n = 1. The latter property means that in QED the exponent is O(α s )-exact and does not contain any higher order corrections.
Analytic form of T (x 1 , x 2 ). It is now straightforward to determine the analytic form of the function
If there is only a single gluon in the final state it is either in hemisphere 1 or in hemisphere 2. Thus to O(α s ) the soft function is a symmetric sum of two terms each of which is either a function of x 1 or of x 2 . If there are two partons in the final state, they can be in different hemispheres, and a non-trivial dependence on x 1 and x 2 can arise.
where t 1 that can be read off from Eq. (14),
Moreover we have
, since the x 1,2 are variables which have the dimension of an inverse mass. Here it is worth to mention that the term α 2 s actually reads c (α
Since any event shape distribution in the dijet limit can be written in terms of delta functions and plus distributions, we can further use the information that the momentum space soft function only depends on ℓ ± through δ-functions or plus-distributions. Thus in position space t 2 can only depend on x 1,2 through even powers of ln(x 1 /x 2 ), see Eqs. (C4,C5). Using also the constraint that t 2 cannot contain any term ln n x 1,2 with n > 3, it must have the simple form
An important consequence of the exponentiation property is that s 1 and s 2 do not contain any contribution proportional to the color factor C 2 F . This feature serves as an important cross check for the numerical analysis we carry out in Sec. IV.
Form of the Soft Function. Expanded in α s (µ) and using the results collected above, the O(α 
The corresponding momentum space hemisphere soft function has the form [L
Note that while the distributions L n ± that appear in Eq. (28) depend on the renormalization scale µ, this µ-dependence cancels in the combination of all terms. For completeness we also present the RG evolution of the momentum space soft function. It has the form S(ℓ
whereω andK are given in Eqs. (17) . The result is obtained without any effort using the position space result in Eq. (16) and the Fourier transformation given in Eq. (C4). The plus function with an arbitrary exponent 1 +ω with ω < 1 is defined by
III. THRUST AND HEAVY JET MASS DISTRIBUTIONS
In this section we determine the O(α 2 s ) fixed-order cumulative distributions for the thrust and the heavy jet mass variables, and for their generalizations, called τ α and ρ α and defined below. The distributions are derived from the dijet factorization theorem (5) for the double differential hemisphere invariant mass distribution for massless quark production. At O(α 2 s ) the distributions depend on the parameters s 1 and s 2 in the hemisphere soft function that are determined numerically in Sec. IV. Since EVENT2 produces O(α 2 s ) distributions for the renormalization scale µ = Q we also use this scale choice for all the evaluations that follow in this section. This means in particular that any summation of logarithms in the hard coefficient, the jet function or soft function is neglected. Since the renormalization scale is fixed to µ = Q it is convenient to use the dimensionless variablesx 1,2 and
We start by writing down the double differential hemisphere invariant mass spectrum in the dijet region shown in Eq. (5) in position space representation normalized to the tree level total cross section,
We now define the event-shape variables τ α and ρ α as
For α = 1, τ α and ρ α reduce to the common thrust and heavy jet mass variables. For α = 1 the two hemispheres get different weights and probe the M 
and
We note that, if α is chosen much larger or smaller than one, the τ α and ρ α distributions in fixed-order perturbation theory develop large logarithms of α. These logarithms are examples of non-global logarithms [22] , and they can be summed in the factorization theorem by an independent setting of the renormalization scales that govern the invariant masses of the two hemispheres. It is now straightforward to determine the O(α 2 s ) fixed-order cumulative τ α and ρ α distributions in the dijet limit for µ = Q
The analytic expressions for the cumulative distributions above are given in App. B. Note that the function t 2 in Eqs. (26) and (27) does not lead to any logarithmic terms involving the cut-off Ω in the cumulative distributions. While in one dimension such a behavior can, in momentum space, only be obtained from a delta function, in several dimensions, it can also be achieved by proper combinations of plus-distributions as shown in Eq. (28) . This behavior is easier to see in position space where t 2 only depends on the ratiox 1 /x 2 and contributes as
in Eqs. (35) and (36). The constants depend on the definition of the event-shape variable and in particular on the value of α.
IV. NUMERICAL ANALYSIS USING EVENT2
In this section we determine the constants s 1 and s 2 in Eqs. (25) , (28) , which cannot be determined from the general arguments discussed in Sec. II.
Method. The EVENT2 program determines numerical estimates for event-shape distributions at O(α 2 s ) in the fixedorder expansion for µ = Q in full QCD. Using the variable y generically for τ , τ α or ρ α , the distributions have the form
The corresponding cumulative distributions read
Defining bin boundaries Ω n for n = 0, 1, . . . , n max with 0 < Ω n < Ω n+1 and Ω nmax = 1, EVENT2 can determine the sum of weights of events falling into the n max bins, which for the nth bin represents a numerical estimate for
To determine the unknown constants s 1 and s 2 in the dijet distribution from Eq. (5), one can use the fact that they do not appear in ∆σ n for any choice of bin boundaries. This is because a dependence on s 1,2 can only appear in integrations that contain the threshold at y = 0, see Eqs. (35), (36) and (37). The method starts by subtracting the known dijet contributions ∆σ (0),dijet n from the full theory ∆σ (2) n computed by EVENT2. For dσ/dy the difference is at most logarithmically singular for y → 0 and thus integrable at y = 0. Thus for the cumulative distribution the remainder
vanishes for Ω → 0. The remainder distribution is also independent of s 1 and s 2 for any Ω > 0. It is the aim to determine a numerical estimate for Σ (2) ,rest (1) from EVENT2. Using that Σ y (1) is equal to the total cross section [23, 24, 25] ,
we can then determine the constants t 2,y for the different event-shapes using Eqs. (B1) and (B3) and the relation
Sum of all Color Factors. For our numerical analysis we ran EVENT2 with 10 10 events for n f = 4 and for n f = 5.
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We used 80 bins from 10 −4 to 1 with logarithmic bin boundaries located at Ω n = 10 (n−80)/20 with n = 0, 1, . . . , 80. Since EVENT2 works with an internal infrared cut-off (set to 10 −8 ), it is not possible to obtain numerical results for a bin with a lower boundary located at Ω = 0. Thus to obtain a numerical estimate for Σ (1). The solid and dashed lines in the panels in the column on the right represent the central value and the errors for t2,y which are estimated from the limit of small Ω. Figure 1 shows the results of our numerical analysis to obtain estimates for Σ
3 The first row is for τ , the middle row for τ 1 and bottom row for ρ 1 . We note that the thrust τ and the variable τ 1 agree in the dijet limit, but they differ concerning power corrections and in the multi-jet region where τ ∼ τ 1 ∼ O(1). The panels in the first column show the binned full QCD distributions ∆σ (2) y,n as obtained from EVENT2. The central value for each bin is displayed as a (colored) symbol and the statistical error as a vertical line. The panels in the second column show the remainder distribution ∆σ (2) ,rest y,n after the singular dijet contributions have been subtracted. We see that the remainder distribution falls off to zero for small Ω and that the asymptotic regime Ω → 0 appears to be reached already for Ω < ∼ 10 −2.5 . The statistical errors grow for decreasing Ω for the remainder distribution because EVENT2 attempts to obtain a constant relative statistical error for a given binning in the full QCD distributions shown in the first column, and because the contributions from the singular dijet terms increasingly dominate in size for Ω → 0. The panels in the third column show the integral over the remainder distribution Σ (Ω), which has to be extrapolated for Ω → 0. Finally, the panels in the column on the right display the estimates for the constants t 2,y adopting Σ 43). We use the average of the central values for log 10 Ω < −2.5 to estimate our final numbers for t 2,y and adopt the error at log 10 Ω ≈ −3.25 as the uncertainty. The results of the estimate are illustrated by the solid and dashed horizontal lines in the panels in the last column. We note that our results are fully compatible with the theoretical expectation that t 2,τ = t 2,τ1 . Using the relations
we obtain
A method similar to ours has been applied recently in Ref. [26] to determine O(α 2 s ) corrections to the soft function for thrust given in Eq. (8) . The thrust soft function depends on s 1 , but has no dependence on s 2 , see Eq. (37). Transferred to our notation their results reads s 1 (n f = 5) = −40.1 ± 3.1 and s 1 (n f = 4) = −54.4 ± 3.0. The results are compatible to ours. In Ref. [26] 10 10 events were used, but with linear binning and for Ω ≥ 10 −3 . In Fig. 2 The uncertainty is at the percent level where the soft function is large and absolutely negligible in comparison to the remaining perturbative QCD uncertainties.. We will therefore adopt the central values given in Eqs. (45) from now on without further discussion. The rather poor perturbative behavior of the curves shown in Fig. 2 with the unphysical negative values and the significant changes in the shape at higher orders is symptomatic for any choice of model parameters and renormalization scale and illustrates necessity to introduce the renormalon-free gap parameter. This will be discussed in Sec. V.
Cross Check using τ α and ρ α for α = 1. An important cross check of the results in Eqs. (45) and also of the form for the function t 2 in Eqs. (25) and (28) is provided by comparing predictions for t 2,τα and t 2,ρα for α = 1 with the corresponding results obtained from EVENT2 based on a numerical analysis analogous to the one in the previous section. The results for t 2,τα and t 2,ρα with α = 2, 3, 5, 10 and 1/2, 1/3, 1/5, 1/10 for n f = 5 are displayed in Fig. 3 , where we use the type of presentation from the last column in Fig. 1 . Comparing to the results displayed in Fig. 1 we see that for increasing values of ln 2 (α) the asymptotic regime is shifted towards smaller values of Ω. Thus for estimating the values for t 2,τα and t 2,ρα we now use the average of the lowest five bins with log 10 Ω ≤ −3.75 and adopt the error at log 10 Ω = −3.75 as the uncertainty. The results are displayed as horizontal lines in Fig. 3 and also summarized in Fig. 4 . In Fig. 4 we have also shown the theoretical predictions for t 2,τα and t 2,ρα based on Eqs. Results (solid and dashed lines) and estimates for t2,y, y = τ, τα, ρα, for n f = 5 (using a presentation analogous to the one in the right column of Fig. 1 ) separated according the color factor contributions proportional to CACF (blue), C 2 F (red) and CF T n f (green). In the limit Ω → 0 the C 2 F contributions are zero due to nonabelian exponentiation, and no error estimate is given.
deviations (dashed lines). The agreement is excellent and reassures the form of Eq. (37).
Contributions from Different Color Factors. EVENT2 can give the O(α 2 s ) contributions for the distributions separated with respect to the color factors C 2 F , C A C F and C F T n f and it is thus straightforward to determine the color factor components of the constants s 1 and s 2 . The numerical determination of the C 2 F contributions is particular important since due to the nonabelian exponentiation property of the soft function s 1 and s 2 do not have any term proportional to C 2 F . Figure 5 shows the results from last column in Fig. 1 for t 2 ,τ , t 2,τα and t 2,ρα separated according to the three types of color factors. 4 It is conspicuous that the different color factor components approach their asymptotic value at Ω = 0 at much smaller values for Ω as compared to the sum of all color factors shown in Fig. 1 . In particular, for the C 2 F contributions the compatibility with zero becomes only apparent for log 10 Ω ≈ −4. Thus our results for the color factor components have somewhat larger errors than for their sum that was obtained above. To obtain our results we use the average of the lowest five bins with log 10 Ω ≤ −3.75 and adopt the error at log 10 Ω = −3.75 as the uncertainty. For the color factor contributions of s 1 and s 2 we find
where we have adopted zero for the C 2 F contributions as required by the nonabelian exponentiation property. As for our results for the sum of all color factors, we have checked that the results in Eq. (46) are fully compatible with the color factor contributions of t 2,τα and t 2,ρα obtained from EVENT2 for α = 2, 3, 5, 10 and 1/2, 1/3, 1/5, 1/10. A determination of the color factor components of s 1 for was also carried out in Ref. [26] . Transferred to our notation their result reads s 1,C 2 F = 8.3 ± 1.8, s 1,CACF = −120.0 ± 2.0, s 1,n f =5 = 71.7 ± 1.7 and s 1,n f =4 = 57.3 ± 1.3. For the C 2 F term a quite small error is claimed, rendering the result incompatible with zero. This is because in Ref. [26] EVENT2 was run with linear binning, and only results for log 10 Ω ≥ −3 were used for the analysis assuming that the asymptotic values can be extrapolated from them. While our analysis validates this approach for the sum of all color factors, it can be seen from Fig. 5 that it fails for the C 2 F color factor contribution of s 1 . For the C A C F and the n f contributions of s 1 the results of Ref. [26] are compatible with ours, but we believe that our error estimate is more appropriate.
V. SOFT FUNCTION GAP
The curves in Fig. 2 show a rather poor behavior of the shape of the soft function in perturbation theory. This behavior can be improved considerably when subtractions are applied to the partonic soft function S part that remove the O(Λ QCD ) renormalon in the partonic threshold at ℓ ± = 0 [11] . 5 This renormalon is very similar in nature (but independent of) the well-known O(Λ QCD ) pole mass renormalon in the heavy quark mass threshold in the partonic on-shell limit q 2 − m 2 = 0 [27, 28] . To remove this renormalon order-by-order in the perturbative expansion it was suggested in Ref. [11] to introduce the scale-independent gap parameter ∆ in the soft function model function as shown in Eq. (12) . At this level ∆ represents an additional model parameter that can compensate numerically for the divergent higher order behavior of the soft function caused by the O(Λ QCD ) renormalon. To obtain a gap parameter that is more stable in perturbation theory and allows a meaningful determination from experimental data it is mandatory to remove the renormalon contributions in the partonic soft function by explicit subtractions. This can be achieved by writing
where δ∆ is a perturbative series
that contains exactly the same O(Λ QCD ) renormalon as the soft function. Starting from Eq. (10) and shifting the integration variables the soft function can then be rewritten as
To cancel the renormalon between the partonic soft function and the series δ∆ order-by-order in the α s expansion we now have to expand Eq. (49) in the δ∆ i simultaneously with the expansion for the partonic soft function
where δ∆ i and S i part are of O(α i s ). We stress that it is mandatory to use the same renormalization scale µ for the expansion of δ∆ and S part to achieve the renormalon cancellation, see e.g. Ref. [29] . In Ref. [11] a definition of the series in δ∆ was proposed based on a ratio of moments of the partonic soft function with a finite cutoff. Since the soft function has an anomalous dimension, δ∆ and therefore also∆ are µ-dependent. The moment definition does, however, not allow to formulate a consistent RG running of the gap parameter∆ due to logarithmic terms of arbitrary high powers in the evolution equations at high orders and because the resulting evolution equation is not transitive [30] .
Position space gap parameter. We can define a gap parameter with a consistent RG evolution from the position space soft function
Since the functionS part (x 1 , x 2 , µ) is supposed to be free of the O(Λ QCD ) renormalon we can use the condition
to derive an explicit expression for δ∆,
where the scale R is free parameter. This position space method was used before in Ref. [30] to derive a short-distance jet mass definition from the jet functions B ± that appear in the factorization theorem (6) for massive quarks in the resonance region. The explicit results for the
The O(α 3 s ) corrections is only partially known as it depends on the unknown 3-loop non-cusp anomalous dimension γ 2 s of the soft function. Using that ∆ =∆ + δ∆ is scale-independent it is straightforward to derive the anomalous dimension of the gap parameter∆(R, µ), which turns out to be just proportional to the cusp anomalous dimension of the soft function in Eq. (18),
Up to O(α 3 s ) this intriguing fact can derived explicitly from the results in Eqs. (56). To all orders it can be proven using the expression (22) for the position space soft function and the all-orders definition forK in Eq. (17) . The solution of the RG equation reads∆
whereω is given in Eq. (17).
R-Evolution
The definition of the gap in Eq. (55) depends on the choice of the scale parameter R. Since δ∆(R, µ) represents an infrared subtraction of low-energy fluctuations from the partonic soft function, one can interpret the scale R as an infrared cutoff governing infrared fluctuations that are absorbed into the renormalon-free gap parameter ∆(R, µ). In this respect R differs significantly from the renormalization scale µ, which governs ultraviolet fluctuations that are absorbed into coupling constants. Like the renormalization scale µ, the scale R should be taken in the perturbative regime, to allow for a perturbative description of the evolution of∆(R, µ) in R, but it should also be close to the typical scales that are governing the soft function. Moreover to avoid large logs µ/R should be of order one. For the description of the peak region for massless jet event shapes or the massive jet invariant mass resonance region one is sensitive to details of the shape of the soft function. So the typical range of scales for µ and R in this case is around 1 − 1.5 GeV. For describing these distributions in the tail away from the peak and resonance region one can use an operator product expansion and only global properties of the soft function in the form of moments are relevant. So here the perturbative contributions are dominated by larger scales, and for µ and R larger scales should be adopted as well.
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Besides these constrains the choices of µ and R are arbitrary. It is therefore useful to also have an evolution equation for the gap parameter with respect to R. A detailed study of the required formalism for evolving∆(R, R) in R and its relation to renormalons was carried out recently in Ref. [31] and we refer the interested reader to this work. For the renormalon-free soft function gap parameter the R-evolution equation has the form
where the first three terms can be obtained from Eq. (56) and read
At N k LL order the analytic solution reads [
The termsb i are the coefficient of the large-t expansion of the functionb(t) = 1 +b 1 /t +b 2 /t 2 + . . . that appears in the relation
where the first few terms read
and Λ
QCD is the N k LL order approximation of
which is the familiar definition of Λ QCD from the strong coupling.
From the solutions for µ-and R-evolution given in Eqs. (58) and (61) one can relate∆ for arbitrary R and µ values through the relation∆
VI. NUMERICAL RESULTS
A detailed analysis of the impact of the renormalon subtraction for the soft function has been given recently in Ref. [11] using an approximation for the at that time unknown O(α 2 s ) corrections. Since for the full O(α 2 s ) soft function and the gap parameter obtained in this work we find qualitatively similar results, we do not repeat such an extended analysis here. In the following brief numerical analysis we intend to illustrate the impact for a few examples and to demonstrate the importance of accounting for the evolution of the gap parameter∆(R, µ) in (R, µ)-space, which was not available for the gap parameter used in Ref. [11] .
In Fig. 6 the soft function S(ℓ, ℓ, µ) is plotted with and without renormalon subtraction for µ = 1.5 GeV and 1.7 GeV (α s (1. 7 We have set the unknown non-cusp term γ 2 s to zero for the NNLL order R-evolution of∆(R, µ).
FIG. 6:
Dependence of the soft function S(ℓ, ℓ, µ) on the renormalization scale µ and the infrared subtraction scale R at tree-level, one-loop and two-loop with and without renormalon subtraction. In the middle column the solid and long-dashed black lines coincide. See the text for details.
FIG. 7:
Location of the maximum of the soft function S(ℓ, ℓ, µ) with renormalon subtraction as a function of R for µ = 1.5 and 1.7 GeV. The solid curves account for the correct evolution of the gap parameter∆(R, µ), while for the dashed curves a fixed gap parameter∆ = 0.1 GeV is used for all values of R and µ.
renormalon subtractions show a substantially improved perturbative behavior. Concerning the shape and the peak location, the O(α 2 s ) corrections are particularly small. It is also conspicuous that the curves do not have unphysical negative values except for (R, µ) = (1.5, 1.2) GeV and (1.7, 1.4) GeV where the difference of R and µ is small so that the subtractions at O(α s ) are not sufficiently large (see footnote 1).
For the stabilization of the peak position with respect to variations of R it is important to use the consistent evolution of∆ in the (R, µ)-plane. In Fig. 7 the position of the maximum of the O(α 2 s ) soft function with renormalon subtractions is displayed as a function of R for the soft function model used also in Fig. 6 and for µ = 1.5 GeV and µ = 1.7 GeV. The solid lines show the peak location with a consistent choice of∆(R, µ) using∆(1.0 GeV, 1.5 GeV) = 0.1 and Eq. (66) to obtain∆ for other (R, µ)-values. The dashed lines, on the other hand, show the results when∆ = 0.1 GeV for any R and µ. The curves show a considerably weaker R-dependence when the correct evolution of the gap parameter ∆(R, µ) is accounted for. Although this is expected due to the fact that ∆ =∆ + δ∆ is R-independent, it is reassuring that this is also reflected in the final result for the soft function given that δ∆ is implemented by subtractions that change the shape of the soft function substantially, whereas∆ is implemented by a simple shift of variable ℓ. Note that ∆ =∆ + δ∆ is also µ-independent. However, since the soft function has a non-zero anomalous dimension, it is not expected that accounting for the proper µ-evolution of∆ also leads to a smaller µ-dependence of the peak location. This is confirmed by the vertical separation of the two solid curves that is in general not smaller than for the corresponding two dashed curves. However, it is clearly visible that the vertical separation for the solid curves (which account for the consistent evolution of∆) is approximately R-independent as compared to the vertical separation of the dashed curves (which have a fixed value of∆). This shows that the variation of the location where the soft function has its maximum with changes of µ is only R-independent when the proper evolution of∆ is included. This emphasizes once more the importance of having a consistent formulation of the R-and µ-evolutions of the gap parameter∆(R, µ).
VII. CONCLUSIONS
In this work we have determined the partonic hemisphere soft function S part (ℓ
The partonic soft function S part is an essential ingredient for the theoretical description at NNLL order of thrust and heavy jet mass distributions in the dijet and resonance limit, where perturbative and nonperturbative contribution can be separated according to the factorization theorems (5) and (6) . Using general properties of the partonic soft function originating from its renormalization group structure and its exponentiation properties, we have been able to determine the O(α 2 s ) corrections up to two constants which were determined numerically using information from the MC program EVENT2 by Catani and Seymour.
To remove the O(Λ QCD ) renormalon of the partonic threshold in S part at ℓ ± = 0 one can implement a subtraction procedure devised in Ref. [11] that is based on a gap parameter. Using this gap subtraction scheme one can remove order-by-order this renormalon contribution in the perturbative parts of the factorization theorem that otherwise causes instabilities for numerical determinations of the first power correction from numerical data. From the result for the partonic soft function in position space representation we have defined such a gap subtraction scheme which has the virtue of having a consistent renormalization group evolution in the renormalization scale µ and the subtraction scale R. This property is important for having a coherent theoretical description of event shape distributions in the peak and the tail region.
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where the terms in the cusp anomalous dimension Γ c are given in Eq. (19) .
Jet Function J. 
where the functionsω andK are defined in Eqs. (17) , the cusp and non-cusp anomalous dimensions are given in Eqs. (A8) and the definition of the plus function given in Eq. (30) 
and its renormalization group evolution reads J(ξ, µ) = U J (ξ, µ, µ 0 )J(ξ, µ 0 ) with U J (ξ, µ, µ 0 ) = exp 1 2ω (Γ J , µ, µ 0 ) ln iξe γE µ 2 0 +K(Γ J , γ J , µ, µ 0 ) . , 
The transformation from position back to momentum space can be derived from dy 2π e ity iye γE µ j −ǫ = θ(t) Γ(ǫ)
(µ j e γE ) ǫ ,
which leads to dy 2π e ity = δ(t) , dy 2π e ity L 
The cumulative distributions can be obtained directly from the position space distributions using the relation 
A more general formula relevant for renormalization group improved computations reads dy 2π e iΩy (iye γE κ)
